We construct a two-dimensional geometric graph connecting individuals placed in space within a given contact distance. The individuals are distributed using a measured country's density of population. We observe that while large clusters (group of individuals connected) emerge within some regions, they are trapped in detached urban areas owing to the low population density of the regions bordering them. To understand the emergence of a giant cluster that connects the entire population, we compare the empirical geometric graph with the one generated by placing the same number of individuals randomly in space. We find that, for small contact distances, the empirical distribution of population dominates the growth of connected components, but no critical percolation transition is observed in contrast to the graph generated by a random distribution of population. Our results show that contact distances from real-world situations as for WIFI and Bluetooth connections drop in a zone where a fully connected cluster is not observed, hinting that human mobility must play a crucial role in contact-based diseases and wireless viruses' large-scale spreading.
Introduction
For humans, population density is the number of people per unit area. Commonly, this may be calculated for a city, a country or the entire world. City population density is, however, heavily dependent on the definition of 'urban area' used: densities are often higher for the central municipality itself, compared with the more recently developed and administratively unincorporated suburban communities (http://en.wikipedia.org/wiki/population_density). Mobile phones provide the unique opportunity to estimate the distribution of population density with a spatial resolution never reached previously. By estimating the area of coverage of each mobile phone tower, we can measure the occupation of these areas, and estimate accurately the heterogeneous distribution of population *Author for correspondence (marta.gonzalez.v@gmail.com) .
One contribution of 14 to a Theme Issue 'Topics on non-equilibrium statistical mechanics and nonlinear physics '. This journal is © 2009 The Royal Society 3321 on a country scale. We placed individuals in space as measured from mobile phone usage and constructed a 'spatial network' to quantify the physical interconnectivity of individuals within a country. By these means, we investigated what the minimum contact distance is among individuals for which the entire population is fully connected, i.e. a giant cluster emerges. The understanding of the growth mechanism of a spatial network is crucial for diverse contact processes among humans; for example, disease transmissions such as SARS and influenza (Anderson et al. 2004; Hufnagel et al. 2004; Colizza et al. 2007; Riley 2007) , wireless epidemics such as Bluetooth and WIFI router viruses (Hypponen 2006; Kleinberg 2007; Arenas et al. 2008; Hu et al. 2009) 
or information spreading.
A spatial network is a network embedded in Euclidean space: the interactions between the nodes depend on their spatial distance and usually take place between nearest neighbours (Medina et al. 2000; Yook et al. 2002; Kalapala et al. 2006) . A random graph with a metric, often referred to as a random geometric graph (RGG), is constructed by assigning nodes uniformly in a ddimensional space, linked whenever the distance is less than a certain value r; this framework established the foundations of the continuum percolation theory (Gilbert 1961; Dall & Christensen 2002; Franceschetti et al. 2005) , such that, for r > r c , an unbounded connected component emerges. Although previous studies have provided mathematical methods to embed scale-free networks in a twodimensional lattice (Rozenfeld et al. 2002; Nandi & Mana 2008) or in a continuous manifold (Herrmann et al. 2003) , much less is known about the emergence of a connected component for geometric graphs with empirical distributions of population. The distribution of individuals in our measured sample is highly heterogeneous, with populated urban areas surrounded by less dense regions. The spatial random graph resulting from connecting individuals placed with such an empirical density of population is referred to here as a hierarchical geometric graph (HGG) in contrast to an RGG, which implies a uniform density of population.
This work is organized as follows. In §2, we characterize the data and present the simulation methods. In §3, we show the size of the largest cluster as a function of the contact distance of individuals and we present the distribution of cluster sizes for fixed values of contact distances. In §4, we compare the growth mechanism of the largest cluster on an HGG with an RGG. Conclusions are provided in §5.
Dataset and methods
The studied dataset was collected by a mobile phone carrier for billing and operational purposes during a one-month period. Privacy was ensured by identifying users with a security key (hash code). This dataset consisted of the full mobile communication pattern of 6.2 million users, recording the location of each user with a mobile tower-level resolution each time the user made or received a phone call or SMS, resulting in 1.1 billion location data points during our observational period recorded from over 10 000 mobile phone towers' coordinates.
A Voronoi diagram (figure 1) around each tower offers a reasonable estimate of the tower's service area, and its area is obtained by Delaunay triangulations (Fu et al. 2006) . The Delaunay triangulation for a set P of points in the plane is a triangulation DT(P), such that no point in P is inside the circumcircle of any triangle in DT(P). The circumcircle centre of each Delaunay triangulation connecting a tower contributes a vertex of the tower's Voronoi cell. We calculated the Voronoi diagram for the set of mobile tower coordinates and found that the distribution of the tower areas followed a power law (Barabási & Albert 1999; Arenas et al. 2008) with an exponent k = −0.81 in the region where the tower's area is smaller than 100 km 2 (figure 2a), which implies a heterogeneous spatial distribution among mobile phone tower areas.
The mobile phone tower's ID is recorded each time a user has a phone communication through a mobile phone tower. For each user, we calculated the most frequently used tower during the entire month and assigned the user to this unique tower's area. By counting the number of users in each tower area, we obtained the population distribution at a country scale (figure 2b). We observed that it followed a power law with an exponent k = −1.16 in the region where the population density was smaller than 10 000 persons km −2 , revealing a hierarchical spatial distribution of the population, which is in contrast with the Poisson distribution observed in an RGG. Having the population for each tower, we constructed our HGG as follows: first, we placed each user randomly within the area of the corresponding tower; second, we connected two users if their distance was smaller than a contact distance r. By doing these two steps, we generated HGGs with different values of r (figure 2c). For relevant applications, the contact distance r can be the disease infection distance for contact-based diseases and the Bluetooth or connection range for mobile phones or wireless routers (Wang et al. 2009 ).
Analysis of cluster sizes
In this section, we calculate the size of the largest connected clusters (Cohen et al. 2000; Chen et al. 2007 ) of the HGG formed by all the users as a function of the contact distance r. A cluster is defined as a group of connected nodes (Stauffer & Aharony 1991 ). As we increased r from 10 to 50 m, large clusters gradually emerged. In figure 3a , we measured the size of the top five large clusters. Note that the largest cluster contains more than 5 per cent of the whole population at a contact distance as small as r = 30 m. Next, we measured the areas covered by the top five large clusters by defining the area of a cluster as the total area of towers that contains at least one user within it. We observed that in HGG, while a large cluster can have a relatively large population, its area of coverage is very small. For example, the largest cluster at r = 50 m has 7 per cent of the entire user population (figure 3a) and less than 0.06 per cent of the country's area (figure 3b). These results offer us a comprehensive picture of how the large clusters distribute in real space.
To get a better understanding of the growth mechanism of the HGG, we measured the distribution of the clusters' sizes (figure 4). We found that as we increased r from 10 to 50 m, the largest cluster's size gradually increased from ten thousand to half-million users, resulting from the connection of small isolated clusters. For comparison, we constructed an RGG with the same population and average population density: we first calculated the average population density ρ ave from the population data and multiplied this value by each tower area, A tower , to get the number of users, N tower , for each tower. Next, we randomly assigned N tower users to each tower area and generated the RGG by connecting two users within contact distance. In the RGG, however, the largest component's size is only 9 at r = 50 m, which is much smaller than the largest component for the r = 10 m empirical case (figure 4). For contact distances smaller than 100 m, which have relevance to technological applications, we observed heterogeneous distribution of cluster size with the presence of large clusters for HGG when compared with RGG owing to the presence of small areas with high density of population.
In the next section, we study a large extent of contact distances. We analyse how a giant emerges for our HGG in contrast to the critical percolation transition observed in an RGG.
The emergence of the giant cluster in a hierarchical geometric graph and random geometric graph
The simulation conditions to study the giant cluster emergence involve larger contact distances in which the simulations for millions of nodes are computationally untreatable (Dall & Christensen 2002) . In order to compare the giant cluster growth's mechanisms for an HGG with those for an RGG, we rescaled the problem to a total population of 100 000 users. To generate the HGG, we rescaled each area keeping the same empirical density of population per tower area. We constructed an RGG with the same population and total area, placing the users at random positions within the space, and, as before, two users were connected within a given contact distance r. For each geometric graph, we calculated the size of the largest cluster versus r. As shown in figure 5 , there is a clear difference in the emergence of the giant cluster for each graph. For the RGG, we measured the expected percolation transition beyond a certain threshold r c_RGG . In contrast, the growth of the giant cluster for HGG does not present a percolation transition, and it has a stair-like growth pattern caused by the connection of highly dense regions. In figure 5 , we clearly see two zones separated by the RGG's percolation threshold: in zone 1, there is a relatively large cluster (about 0.1) for HGG at small r, while RGG remains totally disconnected. In zone 2, beyond r c_RGG ∼ 250 m RGG percolates, while the fully connected cluster for HGG is measured at much larger distances r ∼ 1100 m (figure 5). The reason is the population's hierarchical spatial distribution (figures 1 and 2b), which helps the emergence of large clusters within small highly populated areas, but also blocks the emergence of a giant cluster. As shown in figures 4 and 5, it is expected that for empirical population distributions and realistic contact distances (as for WIFI routers or Bluetooth ranges) scenarios drop in zone 1, in which clusters are much bigger and emerge easier for HGG than for RGG.
Conclusions
This work offers a spatial picture of a geometric graph with a non-uniform distribution of population, here named a hierarchical geometric graph (HGG): large clusters emerge in urban areas surrounded by many small clusters in less dense areas. This situation blocks the critical emergence of a giant cluster for HGG, in contrast to the results for RGGs. As we observed in §4, for distances smaller than 250 m, which is the critical contact distance for the RGG percolation transition, HGG has larger clusters with up to 7 per cent of the entire population, while RGG remains completely disconnected. The growth mechanism of the giant cluster for HGG is stair like and governed by the connection of dense small regions; a fully connected cluster is measured beyond 1100 m. Our results offer evidence that, under heterogeneous density of population and realistic contact distances of the order of a few metres, human mobility (Brockmann et al. 2006; Gonzalez et al. 2008 ) must play a crucial role for large-scale epidemics in the world (Anderson et al. 2004; Hufnagel et al. 2004; Colizza et al. 2007; Riley 2007) . We provide here a numerical analysis of the spatial network formation under an empirical distribution of population, an analytical formulation of the results presented here remains open to further studies.
